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Abstract—Non-Euclidean geometry combined with transfor-
mation optics has recently led to the proposal of an invisibility
cloak that avoids optical singularities and therefore can work,
in principle, in a broad band of the spectrum [U. Leonhardt
and T. Tyc, Science 323, 110 (2009)]. Such a cloak is perfect in
the limit of geometrical optics, but not in wave optics. Here we
analyze, both analytically and numerically, full wave propagation
in non-Euclidean cloaking. We show that the cloaking device
performs remarkably well even in a regime beyond geometrical
optics where the device is comparable in size with the wavelength.
In particular, the cloak is nearly perfect for a spectrum of
frequencies that are related to spherical harmonics. We also show
that for increasing wavenumber the device works increasingly
better, approaching perfect behavior in the limit of geometrical
optics.
Index Terms—Electromagnetic cloaking, Transformation op-
tics, Wave propagation
I. INTRODUCTION
ELECTROMAGNETIC cloaking is a modern and rapidlydeveloping area of optics. The main objective of cloaking
is to encapsulate an object into a cloak, a carefully designed
material with special optical properties, such that the object
becomes invisible. This is achieved by bending light rays
(or wave fronts) such that they flow smoothly around the
object and after passing it, restore their original direction,
creating the illusion that the space is empty. Several types
of cloaks have been proposed [1], [2], [3], [4], [5], [6], [7],
some of which have been realized experimentally [8], [9],
[10], [11]. All are based on transformation optics [1], [2], [3],
[12], [13], [14], [15], the idea that optical media effectively
transforms the geometry for light, and all, except [7], require
metamaterials [16], [17], [18], [19], [20] for their practical
realization. Originally, two different approaches have been
used to propose an invisibility cloak.
The proposal by J.B. Pendry [1] used a geometric trans-
formation of Euclidean space to expand a single point into
a region of finite volume. Based on ideas of transformation
optics, a metamaterial was designed that would lead light
around this region, making it invisible. A drawback of this
proposal was the necessity of infinite light speed at the
boundary of the invisible region, which prevents such a device
from working in a broad band of the spectrum. The proposal
was realized experimentally for microwaves [8] and provided
an inspiration for other similar ideas.
The proposal by U. Leonhardt [2] also applied transfor-
mation optics, but used methods of complex analysis for
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designing an invisibility cloak that could be made with an
isotropic medium. In particular, it took advantage of multi-
valued analytic functions and the rich structure of Riemann
sheets and branch cuts in the complex plane. An important
ingredient was a refractive index distribution with focusing
properties such that a ray that left the main Riemann sheet
could return back to it and continue in the original direction.
However, the speed of light in this proposal diverged as well,
so it could not work broadband either.
The paradigm of cloaking was changed by the proposal of
U. Leonhardt and T. Tyc [3]. They showed that the necessity
of infinite light speed can be avoided by further developing the
ideas of [2] and proposed a cloaking device based on a combi-
nation of transformation optics and non-Euclidean geometry.
All optical parameters of the material have non-singular values
in the whole space and therefore nothing prevents them, in
principle, from working broadband. This proposal may turn
invisibility into a practical technology. In contrast to Euclidean
cloaking [1], however, non-Euclidean cloaking works perfectly
only in the limit of geometrical optics. For wave optics,
imperfections emerge due to diffraction and phase delays.
These imperfections do not matter, though, in most practical
situations, because they become negligible if the size of the
device is much larger than the wavelength. At the same time,
it would be very useful to know what the character of the
imperfections is and how the cloaking device behaves if the
validity condition for geometrical optics is not satisfied. This
is the purpose of this paper. We present an analysis of wave
propagation in the 2D version of the cloaking device [3]
and provide computer simulations of wave propagation in the
cloak.
The paper is organized as follows. In Sec. II we explain
the idea of transformation optics and in Sec. III we describe
the non-Euclidean cloaking device. In Sec. IV we calculate the
optical properties of the material of the cloak and in Sec. V we
analyze theoretically wave propagation in the cloak. In Sec.VI
we support our theoretical analysis by numerical simulations
of the wave propagation in the cloak and we conclude in
Sec. VII.
II. TRANSFORMATION OPTICS
In this section we briefly and intuitively explain the idea
of transformation optics, referring to the papers [14], [15]
for the full technical details and techniques of calculating the
material properties of the optical medium. For simplicity, we
will consider the limit of geometrical optics and ignore the
polarization of light.
Transformation optics relies on the fact that an optical
medium effectively changes the geometry of space perceived
by light. What determines light propagation is not the geo-
metric path length, but rather the optical path length, which
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2should be, according to Fermat’s principle, stationary (usually
minimal, but in some cases it is maximal) for the actual path
of the ray. The optical path element is n-times larger than
the geometric path element, where n is the refractive index.
Hence, the medium creates an effective “optical metric tensor”
for light that equals n2-times the “geometric metric tensor”,
and light rays then propagate along geodesics with respect to
this optical metric tensor. In case of an anisotropic refractive
index (such as in crystals or metamaterials), the transformation
of the metric is just slightly more complicated.
Conversely, suppose that light propagates in an empty space
(so-called virtual space) R = (X,Y, Z) with a uniform
refractive index where ray trajectories are straight lines. If we
map this space by some function f to a space r = (x, y, z)
(so-called physical space) such that r = f(R), the geometric
metric is not preserved in general, because dx2+dy2+dz2 6=
dX2 + dY 2 + dZ2. However, filling physical space with a
suitable optical medium, we can compensate for this and
make the optical metrics in virtual and physical spaces equal.
Then in physical space light will follow the images f(l)
of straight lines l of virtual space. By choosing a suitable
transformation f , one can achieve various interesting effects
such as invisibility [1] or perfect focusing to a single point
of light rays coming from all directions [21]. In general the
mapping f is not conformal (i.e., it does not isotropically
stretch or squeeze an infinitesimal neighborhood of a given
point) and therefore the resulting refractive index in physical
space is not isotropic.
Remarkably, transformation optics works much more gener-
ally than just in the simplified situation we have just described.
In particular, it is valid not just in the limit of geometrical
optics, but it works equally well for full electromagnetic waves
[14]. If the electric permittivity and magnetic permeability are
appropriately chosen [14], Maxwell’s equations in physical
space are equivalent to Maxwell’s equations in empty virtual
space. It turns out [14] that the tensors of relative electric
permittivity and relative magnetic permeability must be pro-
portional to each other to avoid birefringence and therefore to
ensure that both light polarizations behave the same way in
the medium. Ideally, the two tensors are equal, which gives
impedance matching with the vacuum [22] and hence causes
no reflection at the interfaces of the device.
III. NON-EUCLIDEAN CLOAKING DEVICE
Next we describe the non-Euclidean cloaking device [3]
using pictures and try to give some intuition for the geometric
transformation used. We will leave the mathematical details
for the next section; a full description of the transformation
including all calculations can be found in [23], the Supporting
Online Material of [3].
The most distinctive feature of the cloaking device [3] is
that virtual space is not just the simple Euclidean space as
in other proposals but contains a non-Euclidean part. We will
focus on the two-dimensional version of the cloak here; the
generalization to three dimensions is relatively straightforward
and has been described in [3], [23].
Virtual space consists of two parts: (i) a Euclidean plane P
and (ii) a 2-sphere S (surface of a 3D ball). The two parts are
connected along a branch cut, a 1D line that on the sphere
corresponds to one quarter of its equator while in the plane
it corresponds to a straight line segment. The best way to
visualize this is to imagine that the plane is partly wrapped
around the sphere so that P and S touch each other along l
(see Fig. 1).
Fig. 1. Virtual space consists of a sphere and a plane that are connected
along a line segment – branch cut.
A light ray propagating in the plane P that hits the branch
cut (at the point X , say) transfers to the sphere S. There
it propagates along a geodesic, which is a great circle, and
returns to the point X where it transfers back to the plane P
and continues in the original direction. In this way, the sphere
is invisible and the only feature that can possibly disclose its
presence is a time delay of the rays that have entered the
sphere.
Fig. 2. When a mirror (gray thick line) is placed along a great circle (equator
in the picture), any light ray (yellow line) still returns to its original position
at the branch cut (black line) where it entered the sphere but never visits the
northern hemisphere; it therefore becomes invisible.
To create an invisible region where an object could be
hidden, one can take advantage of the high symmetry of
the sphere. Placing a mirror (see Fig. 2) along a suitably
3chosen great circle on the sphere, the light ray, after two
reflections, still returns to the point X but completely avoids
the hemisphere hidden behind the mirror; anything placed
there becomes invisible.
Fig. 3. Physical space is a plane; the sphere S of virtual space is mapped
to the inside of the red curve while the plane P of virtual space is mapped
to the outside of the curve. The hidden hemisphere is mapped to the inside
of the gray curve which becomes the invisible region of the device.
The physical space of the device is a Euclidean plane filled
with an optical medium. The map from virtual to physical
space is based on bipolar coordinates and maps both the
sphere S and the plane P of virtual space to regions of the
physical plane (see Fig. 3). The map contains no singularities,
i.e., no points where space would be infinitely stretched or
squeezed. Therefore the speed of light in the medium is finite
and nonzero everywhere, which is a great advantage compared
to Euclidean cloaks. The invisible region is the image of the
hidden hemisphere of virtual space.
IV. MATERIAL PROPERTIES OF THE CLOAK
In this paper we focus on a two-dimensional version of
the non-Euclidean invisibility cloak that has been described
in the previous section. To adjust the two-dimensional situ-
ation to real propagation of electromagnetic waves that are
governed by Maxwell equations and are therefore intrinsically
three-dimensional, we do the following construction. We per-
form the above described geometric transformation from two-
dimensional virtual space to the plane xy of physical space
and then we add an extra dimension z, making physical space
three-dimensional. In calculating the line elements in this 3D
physical space, we then have to add the term dz2 to the
line elements corresponding to the two-dimensional situation.
We also assume that the wavevector of the incoming wave is
perpendicular to the z-axis and hence the phase and amplitude
of the wave do not depend on z. This makes the problem
effectively two-dimensional, just as required.
To describe the Euclidean part of the cloak, we use bipolar
cylindrical coordinates (τ, σ, z) in physical space that are
related to the Cartesian (x, y, z) as
x =
a sinh τ
cosh τ − cosσ , y =
a sinσ
cosh τ − cosσ , z = z. (1)
Here the parameter a determines the size of the cloak. Anal-
ogous relations hold in virtual space where x, y and σ are
replaced by x′, y′ and σ′, respectively. The mapping between
the two spaces is given in the bipolar cylindrical coordinates
by the following relation between σ and σ′:
σ′ = σ for |σ| ≤ pi
2
(2)
σ′ =
(
4σ2
pi
− 3|σ|+ pi
)
sgnσ for
pi
2
< |σ| ≤ 3pi
4
(3)
and the coordinates τ, z coincide in the two spaces. The line
element ds2 = dx′2 + dy′2 + dz2 in virtual space is equal to
ds2 =
a2
(cosh τ − cosσ′)2 (dτ
2 + dσ′2) + dz2. (4)
The permittivity and permeability tensors for this region can
be then calculated using the same general method [14] as in
[23] with the result
εji = µ
j
i = diag
[
dσ
dσ′
,
dσ′
dσ
,
(cosh τ − cosσ)
(cosh τ − cosσ′)
dσ′
dσ
]
. (5)
The mapping between the non-Euclidean part of virtual
space and the corresponding part of physical space is more
involved. We will not reproduce here all the corresponding
formulas of [23], but rather mention just the most important
steps. One starts with a sphere of radius
r =
4
pi
a (6)
(see Eq. (S43) of [23]) parameterized by spherical coordinates
– the latitudal angle θ and the longitudinal angle that is denoted
by σ′. This is not yet the sphere of of virtual space, but is
related to it by a suitable Mo¨bius transformation (Eq. (S40)
of [23]) represented on the sphere via stereographic projection
(Eqs. (S37)–(S39) of [23]). Then the coordinates (σ′, θ) are
mapped to the bipolar coordinates (σ, τ) of physical space as
follows. The mapping between σ′ and σ is given by Eq. (3)
where σ′ is set to one of the intervals [−2pi,−pi] and [pi, 2pi]
by adding or subtracting 2pi. The corresponding intervals of σ
are then [−pi,−3pi/4] and [3pi/4, pi]. The mapping between θ
and τ can be derived by combining Eqs. (S41) and (S46) of
[23]. This yields after some calculations
θ = 2 arctan(t− 1 +
√
t2 + 1) (7)
with
t = tan
[
pi
4
(
sinh τ
cosh τ + 1
)
+ pi/4
]
. (8)
The line element of the non-Euclidean part of virtual space is
ds2 =
16a2
pi2
[
1 + cot2(θ/2)
1− 2 cosσ′ cot(θ/2) + 2 cot2(θ/2)
]2
× (dθ2 + sin2 θ dσ′2) + dz2. (9)
This line element is slightly different from the line element
(S47) in [23]. In fact, the latter turned out to be wrong, because
it is the line element on the sphere (X ′Y ′Z ′) as described in
section “Non-Euclidean branch” of [23], while the correct line
element should be measured on the sphere (XY Z). The factor
in the rectangular parentheses in Eq. (9) expresses the scaling
4of the line element when going from one sphere to the other,
as can be calculated from the transformation (S40) of [23]
between the two spheres.
After some algebra, Eq. (9) can be brought into the form
ds2 =
[
2(t2 + 1 + t
√
t2 + 1)
1 + (t− 1 +√t2 + 1)2
]2
u2
(cosh τ + 1)2
dτ2
+
16a2
pi2
[
2(t− 1 +√t2 + 1)
1 + (t− 1 +√t2 + 1)2
]2
u2 dσ′2 + dz2 (10)
with
u =
(t− 1 +√t2 + 1)2 + 1
(t− 1 +√t2 + 1)2 − 2(t− 1 +√t2 + 1) cosσ′ + 2 .
(11)
Following again the general method [14], we finally obtain
the permittivity and permeability tensors for the region 3pi/4 ≤
|σ| ≤ pi in bipolar cylindrical coordinates:
εji = µ
j
i = diag (εσ, ετ , εz), (12)
with
εσ =
pi
4
t2 + 1 + t
√
t2 + 1
t− 1 +√t2 + 1
1
cosh τ + 1
dσ
dσ′
, (13)
ετ =
1
εσ
(14)
εz =
16
pi
(t− 1 +√t2 + 1)(t2 + 1 + t√t2 + 1)
[1 + (t− 1 +√t2 + 1)2]2
× u
2(cosh τ − cosσ)2
cosh τ + 1
dσ′
dσ
. (15)
Figure 4 shows the values of µσ, µτ and εz in the cloaking
region, respectively. We picked these material parameters,
because in our simulations we used transverse electric (TE)
waves whose electric field is parallel with the z-axis, and
in this case the material parameters that influence the wave
propagation are only µσ , µτ and εz . We found numerically that
µσ ∈ [0.190, 1], µτ ∈ [1, 5.274] and εz ∈ [1, 179.15]. Clearly,
all the values avoid zero and infinity and hence non-Euclidean
cloaking requires no optical singularity of the material.
To create the invisible region, a mirror is placed in virtual
space along a great circle on the sphere. Since an ideal mirror
can be described by a material with infinite permittivity, it
retains this property upon a geometric transformation and
remains an ideal mirror. Therefore in physical space we simply
place the mirror along the curve that is the image of the great
circle.
There is also another option for creating an invisible region
apart from using the mirror, namely expanding a line of
physical space that is not crossed by any ray. We will not
consider this option in this paper.
V. WAVE PROPAGATION IN THE INVISIBILITY CLOAK
First we will focus on the situation where there is no
invisibility region yet; there is no mirror and the whole sphere
of virtual space is accessible to light. Then we proceed to the
situation with the mirror.
Fig. 4. The values of µσ (a), µτ (b) and εz (c) in the region of the
cloaking device; the black line marks the border between the Euclidean and
non-Euclidean region. All the values are non-singular.
To see what happens when a light wave propagates in the
cloak, we need to understand the behavior of the waves in
the non-Euclidean region of the device. This region is an
image of a sphere in virtual space with uniform refractive
index. Wave propagation on such a sphere is different from
that in an Euclidean space, and the solutions of the wave
(or, equivalently, Helmholtz) equation are described by the
spherical harmonics Ylm(θ, ϕ). The situation here is still more
complicated, though. The sphere in virtual space is not closed
but is “cut” along the branch cut, and the two sides of the
branch cut are connected to different parts of the plane of
virtual space. Therefore the amplitude and phase of the wave
on the two sides of the branch cut need not be the same as
would be the case of a normal, connected sphere. The result is
that there can be also other waves propagating on this sphere
beside the spherical harmonics.
It can happen, though, that the incoming wave in the plane
is tuned in such a way that that the wave on the sphere will
naturally have the same amplitude and phase at any two points
adjacent across the branch cut, so it will behave as a wave
5on a normal, uncut sphere. Evidently, this can only happen
for waves that are resonant on the sphere, i.e., for the modes
described by spherical harmonics.
To find the corresponding frequencies, we recall that the
spherical harmonics Ylm(θ, ϕ) are solutions of the Helmholtz
equation ∆u+k2u = 0 on the sphere. Here l is a non-negative
integer and m is an integer satisfying −l ≤ m ≤ l. The
corresponding quantized wavevectors satisfy the relation
kl =
√
l(l + 1)
r
, (16)
where r is the radius of the sphere, and depend on l but not
on m. This degeneracy with respect to m is related to the high
symmetry of the sphere. The corresponding frequencies and
wavelengths are then
ωl =
c
r
√
l(l + 1), λl =
2pir√
l(l + 1)
. (17)
We therefore expect that the cloak will behave perfectly
for light waves with wavevectors and frequencies given by
Eqs. (16) and (17).
Another way of seeing this is the following. A spherical
harmonic describes a wave running on the sphere. If we
make a loop on the sphere and return to the same place,
the value of Ylm returns to its original value. In this sense
we can say that a wave described by a spherical harmonic
interferes constructively with the version of itself that has
traveled around the sphere. And this is exactly what happens
to a wave that has entered the sphere via the branch cut –
it travels on the sphere, is delayed, and then leaves via the
other side of the branch cut for the plane again. If such a
wave should interfere constructively with the wave that has
not entered the sphere at all, the time delay must be equal to
a multiple of the period of the wave. Since this happens to
waves with wavevectors and frequencies given by Eqs. (16)
and (17), these will be the waves for which the cloak will
work perfectly.
For waves whose wavelengths do not satisfy the condi-
tion (17), the interference of the waves that entered the
sphere with those that did not will not be constructive and
therefore we can expect that the device will not work perfectly,
disturbing the waves.
Note that the constructive interference condition (17) is
different from what one might expect by the following (wrong)
argument: The waves that enter the sphere will interfere with
those that did not and the result of this interference will depend
on the time delay corresponding to propagation around the
sphere. At first sight, it might seem that this time delay is
simply equal to the length of the equator of the sphere 2pir
divided by speed of light c. This would suggest that the device
will perform best if this delay is an integer multiple of the
period of the light wave 2pi/ω, which would then yield the
wavelength of light equal to λ = 2pir/m with m integer.
However, this is different from the correct condition (17). It
is the curvature of the sphere that modifies wave propagation
compared to a flat, Euclidean space and makes such a simple
argument invalid.
Fig. 5. Wave propagation in the cloaking device for l = 1 (a), l = 2 (b),
l = 3 with various angles of incidence (c, d, e), and for l = 4 (f). Due to
constructive interference the waves are not disturbed.
Next we consider the full version of the non-Euclidean
cloak including the mirror. In the limit of geometrical optics,
the mirror should make no difference, because a ray entering
the sphere of virtual space at some point returns to the same
point just as if no mirror were present. Moreover, even from
the semi-geometrical optics point of view there should be no
change, as the ray picks up a total phase of 2pi: one pi for each
of the two reflections from the mirror.
However, looking at the situation with the mirror fully wave-
optically, there should be some change caused by the mirror.
Indeed, the mirror imposes a boundary condition on the wave,
in particular, the electric field must be zero at the mirror
surface. A more detailed analysis shows that instead of 2l+ 1
linearly independent solutions Ylm(θ, ϕ) of the Helmholtz
equation for a given l, there are just l independent solutions
that vanish on a given great circle. For example, if the great
circle is chosen as the equator (corresponding to θ = pi/2),
then these solutions will be the Ylm themselves, but just those
with m having different parity than l. Therefore the waves
propagating in the mirror cloak do not have such a freedom
as they would if no mirror were present, because of the
boundary condition or, equivalently, because of the restricted
set of modes. We can then expect that the mirror cloak will
not work perfectly even for those wavelengths satisfying the
condition (17).
VI. NUMERICAL SIMULATIONS
Now we proceed to numerical simulations of wave prop-
agation in the cloaking device to see whether they confirm
6Fig. 6. Wave propagation at the cloaking device with the condition (17) not
satisfied for integer l. The values of l are 2.8 (a), 3.2 (b), 3.5 (c, d, e) with
various angled of incidence and 1.5 (f). The device does not work perfectly
due to destructive (or partially destructive) interference of the waves that did
and that did not enter the non-Euclidean part of the device. We see that for
half-integer values of l the phase shift of the waves that entered the non-
Euclidean part of the device is approximately pi, which is obvious especially
in the pictures (d) and (e).
the above considerations. Figure 5 shows the propagation
of a wave incident on the cloak with wavelength satisfying
Eq. (17) with several different values of l and several angles
of impact. We see that the wave is not disturbed by the cloak
and propagates as if no cloak were present at all.
Furthermore, Fig. 6 shows the propagation of waves that
do not satisfy Eq. (17) with integer l. To compare the two
cases, we still use, however, the number l as in Eq. (17),
but we allow also for its non-integer values. We see from
Fig. 6 that for non-integer l the waves are disturbed, just as
we predicted. The perturbation is strongest for half-integer
values of l, because they are most distant from the resonant
integer values. Figure 6 clearly shows the time lag of the
waves propagating through the cloaking structure, resulting in
phase shifts that are strongest for half-integer l. Nevertheless,
the emerging phase fronts are still parallel to the incoming
fronts, which indicates that images are faithfully transmitted.
However, due to the time lag, two wavefront dislocations
are formed, as Fig. 6 also shows. They would cause image
distortions at the edges of the non-Euclidean region of the
device.
Next we consider the complete cloaking device with mirror.
Figure 7 shows the behavior of waves with integer l. Although
there is some disturbance of the waves, the perturbation is
Fig. 7. Same as Fig. 5, that is, l = 1 (a), l = 2 (b), l = 3 (c, d, e),
l = 4 (f) but with the mirror included. The mirror is the ellipse-like object
that encapsulates the invisible region. Clearly, electric field vanishes in this
region. Due to the restricted set of modes the performance of the device is
no more perfect, but the imperfection is weak.
quite modest. This is quite remarkable if we take into account
that the non-Euclidean cloak has originally been proposed for
the regime of geometrical optics, and there was absolutely no
ambition that it works for wavelengths comparable with the
size of the device. Here we see that the cloak can perform very
well also outside of geometrical optics, and large wavelengths
do not seem to be a problem. Furthermore, Fig. 8 shows that
the mirror does not affect the propagation of waves with non-
integer values of l. The wave distortions are very similar to
the case without the mirror.
Last we look at the behavior for large values of l. Un-
fortunately, the simulations became soon very difficult and
even on a powerful computer converged just up to l = 20.
We therefore could not numerically test the behavior of the
device for larger values. Figure 9 shows the case l = 20 and
l = 19.5 without and with the mirror. We see that while for
l = 20 the device works nearly perfectly (we think that the
imperfections are caused by numerical errors), for l = 19.5
the behavior is almost perfect, apart from interference effects
on the edges. Extrapolating this for larger l, we can conclude
that the cloaking device should indeed work increasingly well.
VII. CONCLUSION
In conclusion, we have analyzed wave propagation in the
two-dimensional version of the non-Euclidean cloaking de-
vice [3]. We have seen that although the device works perfectly
in the geometrical optics limit, there are imperfections due
7Fig. 8. Same as Fig. 6, that is, l = 2.8 (a), l = 3.2 (b), l = 3.5 (c, d, e) and
l = 1.5 (f), but with the mirror included. The restricted set of modes causes a
slightly different performance of the device compared to the situation without
the mirror.
Fig. 9. Wave propagation in the cloak without the mirror (first line) and
with it (second line) for l = 20 (a), (c) and l = 19.5 (b), (d). The device
now performs quite well even for the half-integer l.
to interference effects if full wave description is employed.
In the situation where there is no hidden region, there exist
wavelengths of light for which the device is absolutely perfect.
This results from constructive interference between the waves
that entered the non-Euclidean part of the cloak and those that
did not. This constructive interference occurs for wavelengths
that resonate on the non-Euclidean part of the cloak and
correspond to frequencies of spherical harmonics. For other
wavelengths the interference is not fully constructive and the
waves leaving the device are disturbed — the device is not
perfect for light waves. The perturbations are caused by the
time lag in the device and result in wavefront dislocations.
Although adding the mirror and creating an invisible region
causes the cloak to cease working perfectly for the resonant
wavelengths, the imperfection is very weak. The performance
of the device is much better than originally expected [3]. When
the wavelength gets smaller, the performance of the cloaking
device gradually improves, becoming perfect in the limit of
geometrical optics.
The fact that the non-Euclidean invisibility cloak does not
work perfectly for light waves is by far outweighed by the
absence of optical singularities and the potential of work-
ing broadband. Although non-Euclidean cloaking has been
designed for wavelengths much smaller than the size of the
device, which is also the case of most practical situations,
it is useful to understand the behavior of the device outside
this limit, as we have tried to do in this paper. This might
help designing other types of non-Euclidean cloaks that could
possibly work even for wavelengths comparable with the size
of the device.
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